Abstract. We study a functional, whose critical points couple Diracharmonic maps from surfaces with a two form. The critical points can be interpreted as coupling the prescribed mean curvature equation to spinor fields. On the other hand, this functional also arises as part of the supersymmetric sigma model in theoretical physics. In two dimensions it is conformally invariant. We call critical points of this functional magnetic Dirac-harmonic maps. We study geometric and analytic properties of magnetic Dirac-harmonic maps including their regularity and the removal of isolated singularities.
Introduction
Dirac-harmonic maps from Riemannian surfaces to a Riemannian manifold form a geometric variational problem with rich structure. They are critical points of an energy functional that couples the equation for harmonic maps to spinor fields. Thus, a Dirac-harmonic map is given by a pair (φ, ψ), where φ : M → N is a map and ψ a vector spinor. For the case of a two-dimensional domain, Dirac-harmonic maps belong to the class of conformally invariant variational problems. Due to their conformal invariance Dirac-harmonic maps from surfaces share special properties and many substantial results have already been established. They were introduced in [8] together with a removable singularity theorem. The regularity of Dirac-harmonic maps from surfaces was first established for spherical targets [7] , which could be generalized to Dirac-harmonic maps to hypersurfaces [28] . The regularity in full generality was analysed in [25] and extended recently in [23] . The energy identity for Dirac-harmonic maps from surfaces has been obtained in [27] . Despite the fact that the analytical aspects of Dirac-harmonic maps are well understood at present, the existence question is still not answered in full detail yet. Using index-theoretical methods, Dirac-harmonic maps have been constructed in [2] . These are uncoupled in the sense that for a given harmonic map φ 0 , a spinor ψ is constructed such that the pair (φ 0 , ψ) is a Dirac-harmonic map. A heat flow approach for Dirac-harmonic maps was recently studied in [4] . An existence result for the boundary value problem for Dirac-harmonic maps was obtained in [10] . In this article we consider Dirac-harmonic maps coupled to a certain potential, which involves a two-form on the target manifold N . The potential we study is special in the sense that it does not break the conformal invariance.
In the physical literature this potential can be interpreted as coupling the supersymmetric sigma model to a magnetic field. On the other hand in physics this extra part in the action is needed for the sake of anomaly cancellation. More on the physical background of the model we study can be found in [16] and [1] . Our aim in this article is to show that this extension of Dirac-harmonic maps still has the many nice properties that Dirac-harmonic maps have. Let us now describe the problem in more detail. For a map φ : M → N we may study its differential dφ ∈ Γ(T * M ⊗ φ −1 T N ), integrating the square of its norm leads to the usual harmonic energy. We assume that (M, h) is a closed Riemannian spin surface with spinor bundle ΣM , for more details about spin geometry see the book [18] . Moreover, let N be another closed Riemannian manifold of dimension n = dim N ≥ 3. Together with the pullback bundle φ −1 T N we can consider the twisted bundle ΣM ⊗φ −1 T N . The induced connection on this bundle will be denoted bỹ ∇. Sections ψ ∈ Γ(ΣM ⊗φ −1 T N ) in this bundle are called vector spinors and the natural operator acting on them is the twisted Dirac operator, denoted by / D. It is an elliptic, first order operator, which is self-adjoint with respect to the L 2 -norm. More precisely, the twisted Dirac operator is given by / D = e α ·∇ eα , where {e α } is an orthonormal basis of T M and · denotes Clifford multiplication. We are using the Einstein summation convention, that is we sum over repeated indices. Clifford multiplication is skew-symmetric, namely
for all χ, ξ ∈ Γ(ΣM ) and all X ∈ T M . Moreover, we use Greek letters for indices on M and Latin letters for indices on N . In terms of local coordinates the spinor ψ can be written as ψ = ψ i ⊗ ∂ ∂y i , and thus the twisted Dirac operator / D is locally given by
Here, / ∂ : Γ(ΣM ) → Γ(ΣM ) denotes the usual Dirac operator and y i are local coordinates on N . Let B be a two-form on the manifold N , which we pullback by the map φ. We now may state the central object of this article, which is the energy functional
Regarding the first term, the scalar product is taken with respect to the metric on the bundle T * M ⊗ φ −1 T N , whereas in the second term we use the metric on ΣM ⊗ φ −1 T N . In local coordinates the energy functional acquires the form
where h αβ denotes the Riemannian metric on M and g ij the Riemannian metric on N . Moreover, ε αβ is the antisymmetric tensor in two dimensions and x α are coordinates on M .
To state the critical points of the energy functional (1.1), we need the following definition. Let Z ∈ Γ(Hom(Λ 2 T N, T N )) ∼ = Γ(Λ 2 T * N ⊗ T N ) be a tensor field satisfying Ω := g(·, Z(·)) (1.3) with a three-form Ω. The critical points of the energy functional (1.1) are given by
where τ is the tension field of the map φ and (dφ) 2 (vol ♯ h ) is defined in terms of an orthonormal basis {e 1 , e 2 } of M by (dφ) 2 (vol ♯ h ) := dφ(e 1 )∧dφ(e 2 ). The quantity Z is the vector bundle homomorphism defined via the three-form Ω = dB just above and the curvature term R(φ, ψ) is given by
where R N denotes the Riemann curvature tensor on N . We call solutions (φ, ψ) of (1.4) and (1.5) magnetic Dirac-harmonic maps.
This paper is organized as follows: In Section 2 we derive the Euler-Lagrange equations of (1.1) and discuss their various limits. In Section 3 we introduce the energy-momentum tensor of the energy functional (1.1) and study the associated holomorphic differential. Section 4 then establishes the regularity of magnetic Dirac harmonic maps and finally we prove the removable singularity theorem. In order to prove our results, we make use of the analytical tools for Diracharmonic maps provided in [8] and [7] . Since magnetic Dirac-harmonic maps have the same analytic structure as Dirac-harmonic maps, many of the known results can be generalized easily.
Magnetic Dirac-harmonic maps
In this section we derive the critical points of the energy functional (1.1), analyze its limits and its connection to the literature. We will always assume that we have fixed a spin structure on the surface M . 
as defined in the introduction. Proof. We choose a local orthonormal basis {e α } on M such that [e α , ∂ t ] = 0 and also ∇ ∂t e α = 0 at a considered point. We start by deriving the EulerLagrange equation for the spinor ψ. Therefore, we consider a variation of ψ with φ fixed and∇ ψt ∂t t=0 = χ. We find 
The first variation of the action involving the two-form B leads to
where Ω = dB is a three-form on N . A detailed derivation of this formula can be found in [17] , Chapter 2. As already explained in the introduction, we associate to a 3-form Ω ∈ Γ(Λ 3 T * N ) a smooth section of Hom(Λ 2 T N, T N ) via the vector bundle homomorphism Z :
Using the Euler-Lagrange equation for ψ, which was deduced before, the result follows.
Remark 2.2. In principle, it is also possible to study the energy functional (1.1) for higher dimensional M , that is for m = dim M ≥ 3. In this case, one would consider the pullback of an m-form on N in the energy functional and the Euler-Lagrange equation for the map φ would read
. For a derivation, see again [17] , Chapter 2. The non-linearity on the right hand side is even worse than the non-linearity in the harmonic map equation. Thus, from an analytical point of view, one cannot expect to get a manageable problem. This is in contrast to Dirac-harmonic maps, which form a reasonable problem in every dimension.
It is obvious that there exist several trivial solutions of (2.1) and (2.2). This includes harmonic maps (for ψ = 0 and B = 0), harmonic spinors (for φ = 0) and Dirac-harmonic maps (for B = 0). Remark 2.3. The two form contribution in the energy functional can be formulated abstractly in terms of bundle gerbes and surfaces holonomy. Ignoring the spinor ψ for the moment, one studies the U (1)-valued functional
which is called Wess-Zumino term. For more details in this direction, see [24] and [12] . 
Hence, for the map φ we obtain the so called H-surface system, whereas the equation for ψ reduces to the equation for harmonic spinors on the surface M .
If the curvature of the target manifold N does not vanish and the map φ : M → N is an isometric embedding, then equations (2.1) and (2.2) naturally couple the prescribed mean curvature equation to spinor fields.
Example 2.5. If both M and N are Riemann surfaces, the magnetic term
)) vanishes due to dimensional reasons. In this case the EulerLagrange equations (2.1) and (2.2) reduce to the ones for Dirac-harmonic maps. Remark 2.6. As already stated in the introduction, the study of the functional (1.1) is motivated from what physicists call the supersymmetric sigma model in two dimensions. In physics this model is usually formulated in terms of superfields. If one expands these into component fields one finds even more contributions that can be coupled to Dirac-harmonic maps. One of these terms is given by
and it also respects the conformal invariance. Dirac-harmonic maps coupled to this term (called Dirac-harmonic maps with curvature term) are studied in [5] .
In [26] the authors couple Dirac-harmonic maps to a Ricci type potential
and establish the regularity of the critical points.
Geometric aspects of magnetic Dirac-harmonic maps
In this section we will study some geometric properties of magnetic Diracharmonic maps.
First of all, we analyze the conformal invariance of the energy functional (1.1). For both harmonic maps/Dirac-harmonic maps from surfaces, there exists a holomorphic quadratic differential, the so-called Hopf differential. We want to find an analogue for magnetic Dirac-harmonic maps.
Thus, let (φ, ψ) be a magnetic Dirac-harmonic map. On a small domainM of M we choose a local isothermal parameter z = x + iy and set
Definition 3.2. We define a two-tensor by
The tensor T αβ is called the energy-momentum tensor.
It is easy to see that T αβ is symmetric and traceless, when (φ, ψ) is a magnetic Dirac-harmonic map.
Remark 3.3. Note that the energy-momentum tensor T αβ for magnetic Dirac-harmonic maps is the same as the energy-momentum tensor for Diracharmonic maps. This is not surprising since the energy-momentum tensor is calculated by varying the action functional with respect to the metric h on M . Since the pullback of the two-form B does not depend on the metric on M we do not get a new contribution.
.1) and (2.2). Then the energy-momentum tensor (3.2) is covariantly conserved, that is
Proof. We choose a local orthonormal basis {e α } on M such that [e α , e β ] = 0 and also ∇ eα e β = 0 at a considered point. Set
First, we compute
On the other hand, we find
where we used that ψ is a solution of (2.2). The curvature tensor on the twisted bundle ΣM ⊗ φ −1 T N can be decomposed as
Then, again, a direct calculation yields
which completes the proof.
Proof. This follows directly from the last Lemma.
For the rest of this section we assume that the spinor ψ vanishes such that we can draw a comparison with so-called magnetic geodesics, see for example [22] . These are the lower-dimensional analogue of magnetic Dirac-harmonic maps with vanishing spinors. It is known that magnetic geodesics have constant energy. In the two-dimensional case we have a similar result, but here we have to make curvature assumptions.
Lemma 3.6. Let (M, h) be a closed Riemann surface with Ric M ≥ 0 and suppose ψ = 0. Moreover, assume that the sectional curvature K N of the target manifold N is non-positive, then a solution φ ∈ C 2 (M, N ) of (2.1) has constant energy.
As a second step, we calculate
The statement then follows by application of the maximum principle.
Corollary 3.7. Under the assumptions of the last Lemma, we also know that any solution φ ∈ C 2 (M, N ) of (2.1) is totally geodesic. This follows from the fact that |dφ| 2 is constant and thus |∇dφ| = 0.
For the further analysis it turns out to be useful to apply the Nash embedding theorem to isometrically embed the manifold N in some R q of sufficiently high dimension. The Euler-Lagrange equations for magnetic Dirac-harmonic maps then acquire the form
where II denotes the second fundamental form of φ in R q and P the shape operator. For a detailed derivation see [7] and [17] . Now, we have that
The vector spinor ψ becomes a vector of untwisted spinors ψ 1 , ψ 2 , . . . , ψ q , more precisely ψ ∈ Γ(ΣM ⊗ T R q ). The condition that ψ is along the map φ is now encoded as
Moreover, the vector bundle homomorphism Z can be extended to R q by parallel transport. We may now turn to the study of the analytic aspects of magnetic Dirac-harmonic maps.
4. Analytic aspects of magnetic Dirac-harmonic maps 4.1. Regularity of magnetic Dirac-harmonic maps.
In this section we want to study the regularity of magnetic Dirac-harmonic maps. The regularity question for the various limits of the energy functional E B (φ, ψ) is already fully developed. For Dirac-harmonic maps, see [7] , [28] and [25] . On the other hand, for ψ = 0 the issue of regularity has been analyzed extensively, see [13] , [11] , [3] and [15] p.187 ff.
First of all, we need the definition of a weak solution of (2.1) and (2.2). Therefore, we define
with (3.3) and (3.4) a.e.}. 
In the upcoming analysis we will make use of the following powerful result due to Rivière (see [20] ):
Theorem 4.2. Let D be the unit disc in R 2 and q ∈ N a fixed number.
To apply the above Theorem to magnetic Dirac-harmonic maps, we have to rewrite the Euler-Lagrange equations. Thus, let us fix the notation, we follow the presentation in [28] for Dirac-harmonic maps. We need to express all data in terms of the ambient space R q . We denote coordinates in the ambient space R q by (y 1 , y 2 , . . . , y q ). Let ν l , l = n + 1, . . . , q be an orthonormal frame field for the normal bundle T ⊥ N . For X, Y ∈ T y N and
Let D be a domain in M and consider a weak magnetic Dirac-harmonic map (φ, ψ) ∈ χ(M, N ). We choose local isothermal coordinates z = x + iy, set e 1 = ∂ x , e 2 = ∂ y and use the notation φ α = dφ(e α ). Moreover, note that φ α ∈ T N and ν l ∈ T ⊥ N , which implies that
for all α. Hence, we may write
where we used (4.3) in the second term on the right hand side. Following [6] , p.7, the term on the right hand side of (3.3) involving the shape operator can also be written in a skew-symmetric way, namely
Here, ⊤ denotes the projection map ⊤ : R q → T y N . Finally, we note that
. By the definition of Z and exploiting the skew-symmetry of the three-form Ω, we find (see also [20] , p.13)
We are now in the position to show that magnetic Dirac-harmonic maps have a structure such that Theorem 4.2 can be applied. Throughout the upcoming calculation we will assume that both |Z| L ∞ ≤ C and |∇Z| L ∞ ≤ C. 
holds.
Proof. By assumption N ⊂ R q is compact, we denote its unit normal field by ν l , l = n + 1, . . . , q. Exploiting the skew-symmetry of (4.4), (4.5) and (4.6), we denote 
. Now, we can write (3.3) in the following form
It remains to show that
. This follows directly since the pair (φ, ψ) is a weak solution of (3.3), (3.4) and the Sobolev embedding |ψ| L 4 ≤ C|ψ| We are now in the position to apply the regularity theory developed for Dirac-harmonic maps in [7] . Since φ is in C 0 (D, N ) we may choose local coordinates {y i } on N . In these coordinates equations (3.3) and (3.4) acquire the form
As a next step we need two establish two auxiliary Lemmas. These are very similar to Lemma 2.4 and Lemma 2.5 in [7] . Hence, we will not prove both in full detail.
Lemma 4.5. Let the pair (φ, ψ) be a weak solution of (4.8) and (4.9). If φ ∈ C 0 ∩ W 1,2 (D, N ), then for any ε > 0, there is a ρ > 0 such that
where
0 (D(x 1 , ρ), R) and C is a positive constant independent of ε, ρ, φ and ψ.
Proof. Since φ ∈ C 0 (D, N ) we may choose local coordinates and set
Then the weak form of (4.8) is
(4.12) On the other hand, we find
where ε 1 > 0 is a given small number. We omitted some details in the calculation, see the proof of Lemma 2.4 in [7] . In addition, we have
≤C sup
Substituting (4.12), (4.13), (4.14) into (4.11) and choosing ρ small enough then proves the Lemma.
Lemma 4.6. Let φ ∈ C 0 ∩ W 1,4 (D(x 0 , R), N ) and suppose that (φ, ψ) is a weak solution of (4.8) and (4.9). Then for R sufficiently small, we have
where C 1 is a positive constant depending on |φ| C 0 (D,N ) and R.
Proof. We denote B := D(x 0 , R). For any ζ ∈ W 
0 (B, R) is to be determined later, a direct calculation yields
Moreover, note that 
The first two terms I and II can easily be estimated as
where δ 1 > 0 is a small constant. The term III already has the shape that we need. The last three contributions IV, V, V I can be estimated the same way as in the proof of Lemma 2.5 in [7] leading to
where we applied a local estimate for the spinor ψ derived in [7] . Applying these estimates, we find
Now, for ε > 0, let ρ > 0 be as in Lemma 4.5. Suppose that D( As a next step we state an inequality for solutions of (4.9), which was derived in the proof of Lemma 2.5 in [7] Dρ |ψ| 4 |dφ| 4 ξ
Using this estimate and choosing ρ such that |ψ| 2 L 4 (Dρ) is small enough, combining (4.21) and (4.22), we find
and thus
2 )} together with (4.23) gives the result. As for Dirac-harmonic maps [7] , we may thus follow: Theorem 4.7. Let (M, h) be a closed Riemann spin surface. Suppose that the pair (φ, ψ) : (D, δ αβ ) → (N, g ij ) is a weak magnetic Dirac-harmonic map. If φ is continuous, then the pair (φ, ψ) is smooth.
Proof. First of all, we note that φ ∈ W 2,2 ∩ W 1,4 (D(x 0 , R 2 ), N ). This can be achieved by replacing weak derivatives by difference quotients in the proof of Lemma 4.5. We may now establish the regularity of solutions of (4.8) and (4.9). Since φ ∈ W 2,2 , we have by the Sobolev embedding theorem that φ ∈ W 1,p for any p > 0. Hence, the right hand side of (4.9) is bounded in L p with p > 2. Again, by the Sobolev embedding theorem we find that ψ ∈ C 0,γ for some γ > 0. By elliptic estimates applied to (4.8) we deduce that φ ∈ W 2,p for any p > 2 and thus φ ∈ C 1,α for 0 < α < 1. Using elliptic estimates for (4.9) we may follow that ψ ∈ C 1,γ . By a standard bootstrap argument we then get that (φ, ψ) is smooth.
We may summarize our considerations: Corollary 4.8. Let (M, h) be a closed Riemannian spin surface. Suppose that the pair (φ, ψ) ∈ χ(M, N ) is a weak magnetic Dirac-harmonic map from M to a compact Riemannian manifold N . Then φ is continuous and thus the pair (φ, ψ) is smooth. Remark 4.9. By adjusting the regularity theory for Dirac-harmonic maps derived in [25] one may also establish the regularity of magnetic Diracharmonic maps.
Removable Singularity Theorem.
In this section we want to establish a removable singularity theorem for solutions of (2.1) and (2.2). It is well known that such a theorem holds in the limiting cases ψ = 0 [14], B = 0 [8] and ψ = 0, B = 0 [21] . Our aim is to show that the theorem is still true for both ψ = 0 and B = 0. To this end, we adapt the methods provided for Dirac-harmonic maps in [8] to the framework of magnetic Dirac-harmonic maps. Let us define the following "energy", which is the crucial quantity in the context of removable singularities. 26) where the constant C depends on |Z| L ∞ , N and k.
We choose a cut-off function η : 0 ≤ η ≤ 1 with η| D 1 = 1 and supp η ⊂ D. By equation (3.3) we have
where we set c 2 :
+ c 1 |φ|
.
Without loss of generality we assume D φ = 0 such that |φ| W 1,p ≤ C|dφ| L p for any p > 0. Moreover, we have by Hölder's inequality
such that we may conclude
).
By the Sobolev embedding theorem we find |ηφ| W 1,4 ≤ c 4 |ηφ|
and we may follow (c
). (4.27) Regarding the last term in (4.27) we note that
Applying this estimate and choosing ε small enough, (4.27) gives
which can be rearranged as
Finally, we may deduce that for some ε > 0 using the properties of η
To establish an estimate for the spinor ψ, we again choose a cut-off function η satisfying 0 ≤ η ≤ 1 with η| D 2 = 1 and supp η ⊂ D. Consider the spinor ξ := ηψ and, using (3.4), we calculate
Hence, we have
and by Hölder's inequality we can estimate
with the conjugate Sobolev index q * = 2q 2−q . By the Sobolev embedding theorem we may then follow
At this point for any p > 1 one can always find some q < 2 such that p = q * , giving
where we again assumed that ε is small. Combining (4.28), (4.30) and for ε small enough, we get
The assertion then follows from an iteration of the procedure presented above, for more details see the proof of Theorem 3.1 in [7] .
A phenomenon connected to harmonic maps from surfaces is the so-called bubbling. Such a bubble arises if one performs a blowup analysis of a sequence of harmonic maps and we have something similar for magnetic Diracharmonic maps. More precisely, a bubble is a solution of (2.1) and (2.2) with finite energy. Due to the conformal invariance of magnetic Dirac-harmonic maps such a solution can be interpreted as a magnetic Dirac-harmonic map from S 2 \ {p} → N with finite energy. As a next step we prove how such a singularity can be removed by exploiting the conformal invariance of our problem. The behaviour of the pair (φ, ψ) near a singularity can be described by the following It is easy to see that (φ,ψ) is a smooth solution of (2.1) and (2.2) on D with E(φ,ψ, D) < ε. By application of Theorem 4.11, we have
and scaling back yields the assertion. Set I r (ψ) = − |z|=r ψ, ∂ r ·∇ ψ ∂r , then we get
Before we turn to the removable singularity theorem, let us state an auxiliary Lemma 4.14 (Elliptic estimate with boundary). Suppose that ψ is a solution of
Assume that f ∈ L p (D, ΣM ) and g ∈ W 1,p (∂D, ΣM ) for some p > 1, then the following estimate holds
with the positive constant C = C(p).
A proof can be found in [9] , Lemma 2.2. Now we are in the position to state the Theorem 4.15 (Removable Singularity Theorem). Let (φ, ψ) be a solution of (2.1) and (2.2), which is smooth on U \ {p} for some p ∈ U . If (φ, ψ) has finite energy, then (φ, ψ) extends to a smooth solution on U .
Proof. By rescaling we may assume that
where ε is given by Theorem 4.11. We will approximate φ by a function q = q(r) that depends only on the radial coordinate and which is piecewise linear in log r. Then q is harmonic for r ∈ (2 −m , 2 −m+1 ), m ≥ 1, see for example [19] Our next aim is to estimate all contributions on the right hand side in terms of integrals over the boundary ∂D r . To this end, we apply Lemma 4.14 to the Euler-Lagrange equation 
